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1. Introduction

In the past years, various new methods for efficient calculations in QCD have been in-
troduced, motivated by the relation of QCD amplitudes to twistor string theory found
in [[]. In particular these methods include the diagrammatic rules of Cachazo, Svréek
and Witten (CSW) [f], where tree level QCD amplitudes are constructed from vertices
that are off-shell continuations of maximal helicity violating (MHV) amplitudes [g], and
the recursion relations of Britto, Cachazo, Feng and Witten (BCFW) [l F] that construct
scattering amplitudes from on-shell amplitudes with external momenta shifted into the
complex plane. The BCFW recursion relations have found numerous applications in tree



level [ [[9] and one-loop Q- P7] calculations in QCD. Extensions to QED [R§] and grav-
ity [9-B3J] also have been considered. The relation of the BCFW method to the usual
Feynman diagrams has been clarified in [B4, BJ] and it has been used to give a proof for
the CSW construction [Bl. The main advantages of the BCFW and CSW constructions
are in the simplification of analytical calculations as compared to more traditional off-shell
recursive methods [B7).

Most of the literature related to these new methods restricts itself to the all-gluon
amplitude. For calculations of multi-parton scattering amplitudes relevant for phenomeno-
logical applications at upcoming colliders such as the Large Hadron Collider (LHC) it is
desirable to extent these methods towards the full particle content of the Standard Model.
In the CSW approach it has been possible to include single external massive gauge bosons
or Higgs bosons [B§- ], while the BCFW recursion relations have been successfully ap-
plied to derive multigluon amplitudes involving a pair of massive scalars [f], [[1]]. As shown
in [iF] some helicity amplitudes for massive quarks can be obtained from these scalar am-
plitudes by Ward-identities in super-symmetric-QCD. A compact expression for amplitudes
with a pair of massive scalars or quarks and an arbitrary number of positive helicity gluons
has been found in [[[3, [[J] by a combination of off-shell recursive methods and the BCFW
relations.

On-shell recursion relations for amplitudes involving massive quarks have been consid-
ered in [I0], but the proof is restricted to the case where the shifted particles are massless.
It should be noted that expressions for shifts of massive momenta have been stated in [J].
However, Ozeren and Stirling [[I4] report that they were unable to construct all helicity
combinations of the ¢ — ggg amplitude from on-shell recursion relations. In addition,
already the question of allowed helicities for the shifts of massless quarks does not appear
to be completely settled in the literature [{, [, [0, [2, g, [T

The purpose of this paper is to clarify the situation for on-shell recursion relations
for Born QCD amplitudes. The particle content of QCD are gluons and quarks, where
the latter may be massive or massless. We derive expressions for shifts of spinors for all
particles — massless or not — and investigate the allowed helicity combinations of the
shifted particles. Our findings can be summarised as follows: As in the massless case we
have for each pair of marked particles two possibilities to shift the spinors — a holomorphic
one and an anti-holomorphic one. The two marked particles must not be quarks belonging
to the same fermion line. For each of the four possible helicity assignments of the two
marked particles at least one shift leads to a recursion relation. The only exceptions to
this rule are amplitudes involving solely massive quarks. In this case two-particle shifts are
not sufficient. However, amplitudes consisting only of massive quarks and sufficient many
external legs may be computed recursively from three-particle shifts.

We show that shifts of massive particles can lead to simpler recursion relations than
those considered previously in the literature and use them to derive amplitudes with a pair
of massive quarks, one negative helicity gluon and an arbitrary number of positive helicity
gluons. Using super-symmetric Ward identities we also obtain a more compact form for
the corresponding amplitudes with a pair of massive scalars than known previously.

This paper is organised as follows: In section f] we introduce our notation together with



a short review of the colour decomposition of QCD amplitudes and an introduction to the
spinor helicity formalism. Section [J explains in detail the recursion relation for Born QCD
amplitudes. This is the main result of this paper. The proof of the recursion relation is
given in section [f. In section f| we discuss applications of the recursion relation and provide
examples. Section ] contains our conclusions. In appendix [f] we collected information on
the construction of massless spinors out of light-like four-vectors. Appendix |B contains
the discussion of a few exceptional cases, which are needed for the proof of the recursion
relation in section fi.

2. Notation and conventions

In this section we briefly review the colour decomposition of QCD amplitudes and the
spinor helicity formalism.

2.1 Colour decomposition

Amplitudes in QCD may be decomposed into group-theoretical factors (carrying the colour
structures) multiplied by kinematic functions called partial amplitudes [f4-[g]. These
partial amplitudes do not contain any colour information and are gauge-invariant objects.
Although no arguments in this paper rely on colour decomposition, the examples we present
are based on partial amplitudes. By convention we consider all particles as out-going.

In the pure gluonic case tree level amplitudes with n external gluons may be written
in the form

n—2
g
An(1,2,...,n):<ﬁ> > iy iog iy -+ Oinioy An (01, o), (2.1)
UGSn/Zn

where the sum is over all non-cyclic permutations of the external gluon legs. The quan-
tities A, (01,...,0,), called the partial amplitudes, contain the kinematic information.
They are colour-ordered, e.g. only diagrams with a particular cyclic ordering of the gluons
contribute. The choice of the basis for the colour structures is not unique, and several
proposals for bases can be found in the literature [, p0]. Here we use the “colour-flow
decomposition” [, @] As a further example we give the the colour decomposition for a
tree amplitude with a pair of quarks:

n

_ g _

Ani2(g,1,2,...,n,q) = <%> E Oigjoy Oinyjoy - - - Oigy igAn+2(q, 01,02, ., 00, )(2.2)
Shn

where the sum is over all permutations of the gluon legs. In squaring these amplitudes a
colour projector

1
0585 — ~ 93301 (2.3)
has to applied to each gluon. While the colour structures of the examples quoted above
are rather simple, the colour decomposition can be become rather involved for amplitudes



with many pairs of quarks. A systematic algorithm for the colour decomposition and the
diagrams contributing to a single colour structure can be found in ref. [F1].

While not strictly necessary, we consider in this paper only colour-ordered partial
amplitudes. These partial amplitudes are cyclic ordered within each colour cluster. The
cyclic order reduces significantly the number of possibilities of dividing n external particles
into two set, such that particle ¢ belongs to one set, while particle j belongs to the other
set.

2.2 Spinors and polarisation vectors

Let us consider two independent Weyl spinors |¢g+) and (¢ 4+ |. These two Weyl spinors
define a light-like four-vector

1
¢" = §(q+ Iv*[q+). (2.4)

This four-vector can be used to associate to any not necessarily light-like four-vector k a
light-like four-vector k’:

K=k —

. 2.
T (2.5)

The four-vector k* satisfies (k*)> = 0. We can generalise this construction and associate to
an arbitrary four-vector K a four-vector K7, defined through

o (K m?)

2.
m kg ¢ (2.6)

which satisfies
2
<Kfn> = m?. (2.7)

Therefore K7, corresponds to the momentum of an on-shell particle with mass m. It is
worth noting that starting from K and constructing directly a light-like four-vector K°
through eq. (B.J) is the same as first constructing K',’n by eq. (.6) and then projecting Kﬁﬂ
onto a light-like vector (K?,)’:

(Kfn>b = K’ (2.8)

The two Weyl spinors |g+) and (¢ + | are also used as reference spinors in the definition
of the polarisations of the external particles. For massive fermions we take the spinors

as [52, i3]

71 m — # — m
1 | .

These expressions are similar to the ones introduced in [5J], the major difference is given by
the fact, that the denominators contain spinor products rather than ordinary square roots.



The spinor u(p) corresponds to a particle with incoming momentum, therefore it has the
reversed helicity notation compared to the usual conventions [53, [[4]. This notation will
turn out to simplify the discussion of the allowed helicity combinations of shifted quark
lines in section B.J since the same restrictions apply to outgoing quarks and incoming anti-
quarks. Furthermore, using the conventions (2.9) internal propagators of quarks in the
BCFEFW relation connect + and — labels, as in the gluon case. We note for completeness
that the spinors v(+) and o(+) are given by

1 H4) = m
v(+) = m(lé—m)lqi% u(+) = lgF|(—m). (2.10)

(aF Ip"+)
These spinors satisfy the Dirac equations

(B —m)u(A) =0, a(X) (p—m)=0, (2.11)

the orthogonality relations

a(N)u(=XA) = 2mdy,, (2.12)
and the completeness relation

> u(=NaA) = p+m. (2.13)
A

We further have
a(A) v u(=N) = 2pHdy,. (2.14)
In the massless limit the definition reduces to
u(=) = Ipt), u(+) =P+,
u(+) =[p=), u(=)={p-1 (2.15)

and the spinors are independent of the reference spinors |¢g+) and (¢+]|. For the polarisation
vectors of the gluons we take

o Sa—lwlk=) o - {at Pulkt) (2.16)

V(- k) M V2(k+g-)

The dependence on the reference spinors which enters through the gluon polarisation vec-

3

tors will drop out in gauge invariant quantities. In addition, as we have seen, the external
spinors of massless fermions are explicitly independent of the reference spinors. Therefore
we find again that (gauge invariant) amplitudes will not depend on them. However for
massive fermions the reference spinors are related to the quantisation axis of the spin for
this fermion, and the individual amplitudes with label + or — will therefore depend on the
reference spinors |¢g+) and (g + |. It is easy to relate helicity amplitudes of massive quarks
corresponding to one choice of reference spinors to another set of reference spinors. If |G+)
and (G + | is a second pair of reference spinors we have the following transformation law

ﬂ(+, Q) [ c11 a2 a(_h C])
<ﬂ(—,g‘)> B <C21 022> (ﬂ(—,q)) ' (2.17)



where

ey = = 1Wa=) Crp = _m{qq) ey = _mlqq] Cyy = @+ Iplat) (2.18)
(@)p°q) (@) (r°q)’ [@7°]lPq)’ [G7°)(P°q)

Here, ” denotes the projection onto a light-like four-vector with respect to the reference

vector (g + [v#|g+). Similar, we have for an amplitude with an incoming massive quark

u(+,q) \ _ [ e —ecr2 u(+,q)
<u(—,@)> a <—C21 €22 ) (U(—aQ)>' (249

3. The recursion relation

In this section we state the on-shell recursion relation for Born QCD amplitudes. Conven-
tionally, an amplitude depends on a set of external momenta {p1,p2,...,pn}. In a first
step we replace each four-vector by two spinors and view a QCD amplitude as a function
of these spinors. In B.] we show how to recover the original four-vectors from the spinors.
The recursion relation shifts the spinors by massless spinors. Since we allow for massive
external particles, we have to associate to a pair of two external particles two pairs of mass-
less spinors. A convenient Lorentz-invariant solution is given in B.3. With these spinors at
hand we state the holomorphic shift and the anti-holomorphic shift in and B.4, respec-
tively. Finally, B.5 assembles all ingredients and gives the recursion relation. Here we also
present a list of the allowed helicity combinations. The proof of the recursion relation is
deferred to section [

3.1 Arguments of the amplitudes

To state the recursion relation it is best not to view a QCD amplitude as a function of
a set of four-momenta {pi,p2,...,pn}, but to replace each four-vector p; by two spinors
uj(—) and u;(+). It is sufficient to specify these two spinors, since the remaining spinors
uj(+) and @;(—) can be obtained by raising and lowering dotted or undotted indices. If we
change for the moment from the bra-ket notation to the one with dotted/undotted indices

according to

lp+) =pa, (p+1=p,4 (3.1)
|p_> = pAa <p - | = pA’ (32)
we have
b m B = b m B
u(=)=pi+ 4, W) =pi+— 57 - (3.3)
P+ lg—) A g~ [p'+)
u(+) and u(—) are then given by
- bA m bA m
(=) =p" + s wt)=p" + 53— (3.4)
(a+1p-)"" (» — lg+)
where p*4, pl’A, qp and gp are obtained as
P =etPpy, P =e'pl ap=q'cuip as=qeas. (3.5)



The two-dimensional antisymmetric tensor is defined by

iF 01
€AB:6AB:5AB:€AB: <_10> (36)

We see that u(—) determines @(—), and that correspondingly @(+) determines u(+). Given
the spinors we obtain the four-vector p* as follows:

o= % Tr (w ;u(—)\)u()\)> . (3.7)

Eq. (B7) in combination with eq. (B4) allows the reconstruction of each four-vector pg
from the two spinors u;(—) and @;(+).
3.2 Choosing the spinors

To derive the recursion relation we mark two particles ¢ and j, which need not be massless,
with four-momenta p; and p;. To these two four-momenta we associate two light-like
four-momenta [; and [; as follows 64, B3): If p; and pj are massless, [; and [; are given by

li = Pi, lj = pj. (3.8)

If p; is massless, but p; is massive one has

2
p i
li=pi, lj=—qipi+pj, ;= 2p;pj' (3.9)
The inverse formula is given by
p; =1, p; = a;l; + lj. (3.10)
If both p; and p; are massive, one has
1 1
li=1—— s (pi —ayps), b= —— v (—aipi +pj) .- (3.11)
a1 and a9 are given by
) sign(2p;p;) VA o, = 2Pipi — sign(2p;p;) VA (3.12)
J - ) 1 T * *
2p? 2p}
Here,
A = (2pip;)* — 4pip}. (3.13)

The signs are chosen in such a way that the massless limit p? — 0 (or p? — 0) are
approached smoothly. The inverse formula is given by

pi = i +ajli, pj = ol +1;. (3.14)

Note that I, [y are real for A > 0. For A < 0, [; and ls acquire imaginary parts. As a
summary we can associate to any pair (p;, p;) of four-vectors a pair of light-like four-vectors
(l5,1;). These light-like four-vectors define massless spinors |l;+), (l; + |, |l;4) and (l; + |.
Explicit formulae for the construction of these spinors are given in appendix [A].



3.3 The holomorphic shift

In an amplitude we single out two particles (massive or not) for special treatment. From
the four-vectors p; and p; we first obtain the two light-like four-vectors /; and [; and the
associated massless spinors |l;+), (I; + |, |I;4) and (l; 4 |. We consider helicity amplitudes.
If particle 7 is a massive quark or anti-quark, we use |l;+) and (l; + | as reference spinors
for particle 7. If particle j is a massive quark or anti-quark, we use |l;+) and (l; + | as

reference spinors for particle j. In this case it is an easy exercise to show that
P=1, Pl =1 3.15
pi =1, pj=1 (3.15)

For massive particles the reference momenta define the spin quantisation axis. If particle 4
or j is a gluon, we leave the corresponding reference spinors unspecified. Gauge invariant
quantities do not depend on the choice of reference spinors for gluons. In the rest of the
paper we will often choose specific reference spinors. It should be understood that this
choice only affects massive quarks or anti-quarks. The spinors read in detail:

m; m;

ui(—) = |li+) + [ll-lj‘] li=), wi(+) =l + |+ (lj@ (L=
uj(=) = |lj+) + [zj—;ﬂui—x ai(+) = (I + | + %a . (3.16)

For the holomorphic shift we shift u;(—) and @;(+), while u;(—) and @;(+) remain un-
changed:

u' (=) = ui(=) — 2ll+), wi(+) = w(+),
ug' (=) = u; (=), wj(+) = u;(+) + 2(li + . (3.17)

If both particles are massless we have [; = p; and [; = p;. Then the shift defined in
eq. (B.17) reduces to the well-known form

lpi+) = |pit) — zlpj+), P+ | = (pi+],

pj+) = Ips+), (pj+ 1=+ |+ 2 +1. (3.18)
The spinors u;'(—) and @;(+) correspond to an on-shell particle with mass m; and four-
momentum
z
P = ot = G+ ). (3.19)

The spinors u;'(—) and ﬂ;(—i—) correspond to an on-shell particle with mass m; and four-
momentum

z
= S ) (3.20)

It is worth to examine the requirement to use |l;+) and (I; + | as reference spinors for
particle ¢ in detail. Assume that we have an arbitrary spin quantisation axis described by
the reference spinors |¢+) and (g + |. As before we perform the shift

ui' (=) = wi(=) = 2ll+), w(+) = w(+). (3.21)



If we now consider the polarisation sum we find

S (|gH) (L — | = [+ g = ) [+ 0]+
Sy :ﬁﬁmi_Z((pm (= 1= e = ) 15+ r)_ oo
A ‘pi_><lj - ‘ 0
As this polarisation sum must have the form
i +mi, (3.23)

we have to require that the entry in the upper left corner vanishes:
lg+) (i — | = llj+) (g =] =0 (3.24)

Therefore it follows that |g+) = A|l;+). The requirement (g+| = X' (l;+ | follows from sim-
ilar considerations related to the anti-holomorphic shift discussed in the next sub-section.
Because not all helicity combinations can be computed with the holomorphic shift, we have
to fix both reference spinors |¢+) and (g + |, and use the anti-holomorphic shift as well as
the holomorphic shift to compute all helicity combinations. This allows us to recover the
helicity amplitudes for arbitrary reference spinors from (2.17) and (£.19) .

Finally we remark that the spinors should not lead to spurious poles in z in the

analytically continued scattering amplitude A(z). This excludes for instance the choice
w(=) = (f +m)lg—)/Ipha] and @(+) = (g — (8 +m)/({apt) — ={aly) for lg-+) # [L+).

Let k& be an intermediate particle where we would like to factorise the amplitude. We
denote by K the off-shell four-momentum flowing through this propagator in the unshifted
amplitude. We define the polarisations with respect to the reference spinors |l;+) and
<li + ‘:

1

ug'(—) = = (H'" +my) [li—),
_y i 1 . ',
ug(+) = Eras) (U= (B +my) (3.25)

where

1 K?

KW:K“—EZ'-F HILi+), ) G
2<Z h/‘j > 2<li+|K|lj+>

(l; + "Y“‘lj—H. (3.26)

K" is a light-like four-vector. Note that K* = (K’)’. Furthermore K’ is on-shell ((K’)? =
m3) provided

K?— mz
= ——F0 3.27
ERUERT 20
3.4 The anti-holomorphic shift
For the anti-holomorphic shift we modify @;(+) and wu;(—):
ui' (=) = ui(-), ui(+) = wi(+) — 2(l; + |,
uj' (=) = uj(=) + 2|li+), w(+) = a;(+). (3.28)



If both particles are massless the shift defined in eq. (8.2§) reduces to the form
pit) = Ipit), (Wi + 1= (i +1 = 2 + |,
pi+) = Ipj+) + 2lpit), (0 + 1= (pj +1. (3.29)

The spinors u;(—) and @;(+) correspond to an on-shell particle with mass m; and four-

momentum

z
P == 2+ ) (3:30)

The spinors u;'(—) and @}(+) correspond to an on-shell particle with mass m; and four-

momentum
z
Py =i+ 5 L+t (3.31)

Again, let k be an intermediate particle with off-shell four-momentum K. We define the
polarisations now with respect to the reference spinors |l;4+) and (l; + |:

/ _ 1 / o i _ 1 . "+m
UK(—)—W(N +m) |-, K(+)_(li—|Kb+><lZ | (B +my),
(3.32)
where
1 K?

K™= K* = 2{l+ W it), K = K" 1+ i) (333)

C2( 4 |Kli+)

K" is a light-like four-vector and we have K” = (K')’. Furthermore K’ is on-shell ((K’)? =
m3) provided

2 2
y = M (3.34)
(L + | K|li+)

3.5 Assembling the ingredients: the recursion relation

We can now state the recursion relation. The starting point is the function
A(Z) = A, (ul(_)’ ﬂ1(+)a Aty au;(_)a ﬂ;(+)a DYI au;‘(_)a ﬂ;(-{-), )‘j’ .o ) ) (335)

where the spinors of particles ¢ and j have been shifted either with the holomorphic shift
or with the anti-holomorphic shift. The amplitude we want to calculate is given by A(0).
If the shifted amplitude A(z) vanishes for z — oo we obtain:

Ay (ur (=), @1 (), Ay ooy un (=), Un (), An) = (3.36)

Z Z AL ( e >u;(_)’ ﬂ;(—f—), >‘i, s aile(_)a “_}IK(_}')’ _)‘)
partitions A==+
] _ _
X K2 _ miAR (ull((_)’ull((+)’ Ay 7“3‘(_)’24‘(_'_)’ Aja .- ) s

,10,



where the sum is over all partitions such that particle 7 is on the left and particle j is on
the right. The momentum K is given as the sum over all unshifted momenta of the original
external particles, which are part of A;. The values of z are given for the holomorphic
shift by eq. (B.27) and for the anti-holomorphic shift by eq. (B.34).

The condition that A(z) has to vanish at infinity can be summarised as follows:

e Particles ¢ and j cannot belong to the same fermion line.

e The holomorphic shift can be used for the helicity combinations (i*,57), (i7, ) and
(17,77 ) with the following exceptions:

— The combinations (g;", g;-L), (g, g;-r), (9: +¢;) and (g; ,q; ) are not allowed.

— If particle 7 is a massive quark or anti-quark, the combinations (q:r ,qé»*),
(aF,3%). (@ ¢j*) and (gF,q;*) are not allowed.

— If particle j is a massive quark or anti-quark, the combinations (g; ,q;*),
(¢7,@,7), (@ ¢}”) and (@,q,) are not allowed.

e The anti-holomorphic shift can be used for the helicity combinations (i~, j1), (it, )
and (i7,j~) with the following exceptions:

— The combinations (g;r,q;r), (97, (j;-r), (¢; ,9;) and (g; ,g; ) are not allowed.

— If particle j is a massive quark or anti-quark, the combinations (qzJr ,qé»*),
(¢F,d"), (aF ;") and (@, ;") are not allowed.

— If particle ¢ is a massive quark or anti-quark, the combinations (g; ,q;*),
(ql-_,(j}*), ((ji_,qg-*) and ((ji_,cj;*) are not allowed.

In summary there is always at least one allowed shift, unless ¢ and j belong to the same
fermion line or ¢ and j are both massive quarks or anti-quarks. As we are free to choose the
particles ¢ and j, we can compute all Born helicity amplitudes in QCD with two-particle
shifts via recursion relations, except the ones which involve only massive quarks or anti-
quarks. The latter ones may be calculated recursively if one allows more general shifts,
where more than two particles are shifted. This follows directly from the proof of the
recursion relation which we present in section . Amplitudes with only massive quarks or
anti-quarks are discussed in detail in section [L.3.

4. Proof of the recursion relation

The standard proof of the BCFW recursion relation is based on Cauchy’s theorem [[j]. The
function A(z) is a rational function of z, which has only simple poles in z. Therefore, if
A(z) vanishes for z — oo, A(z) is given by Cauchy’s theorem as the sum over its residues.
This is just the right hand side of the recursion relation. The essential ingredient for the
proof is the vanishing of A(z) at z — oo. This property we have to verify for the shifts
stated in the previous section.

— 11 -



a o QF O QF Q g ¢ QF Q@ QF Q

holomorphic % z 1 z 1 z z % z 1 z 1
anti-holomorphic | z % z 1 z 1 % z 1 z 1 z

Table 1: Behaviour of polarisation vectors and spinors in the large z limit for the holomorphic
and anti-holomorphic shift.

It is relatively easy to show this for the helicity combination (i*, ;™) for the holomor-
phic shift and for the helicity combination (i~,5™) for the anti-holomorphic shift. We do
this in section [L1]

The helicity combinations (i*, i) and (i~, ;) require a more sophisticated proof. In
section .4 we first construct a representation of A(z) with the help of a supplementary
recursion relation and deduct from this representation the large z-behaviour of A(z). For
the proof we borrowed ideas from [E, kd, k4, ] The proof presented here does not rely
on additional (unnecessary) assumptions like the presence of two additional gluons with
specific helicities.

4.1 Diagrammatic analysis of the large z behaviour

We now investigate the behaviour of A(z) for large z by a diagrammatic analysis. A gluon
propagator behaves like 1/z, whereas a quark propagator tends towards a constant. The
quark-gluon and the four-gluon vertices are independent of z, whereas the three-gluon
vertex is proportional to z for large z.

The behaviour of the polarisation vectors and spinors are summarised in table [I.

As a first observation we note that a shift of two quarks belonging to the same fermion
line is not allowed. In all diagrams the z-dependence flows along this fermion line, which
consists of quark propagators and quark-gluon vertices. These tend towards a constant
for large z. The large z behaviour of the external spinors tends towards a constant at the
best. Therefore, we conclude that independent of the helicities the function A(z) does not
vanish for z — oc.

Let us now assume that the two shifted particles belong to different fermion lines, or
that one or both particles are gluons. Therefore we have at least one gluon propagator along
the shifted line, except for the case where the shifted line does not contain any propagators
at all. By a diagrammatic analysis one can easily show that the helicity combination
(i*,77) behaves like 1/z for z — oo for the holomorphic shift, independent of the nature
of the particles i and j. The reversed helicity assignment (i~,j1) behaves like 1/z for the
anti-holomorphic shift. To see this, let us consider as an example the holomorphic shift.
Assume first that the flow of z-dependence in a particular diagram is given by a path made
out entirely of gluons. The most dangerous contribution comes from a path, where all
vertices are three-gluon-vertices. For a path made of n propagators we have n + 1 vertices
and the product of propagators and vertices behaves therefore like z for large z. This
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statement remains true for a path containing only one vertex and no propagators. The
polarisation vectors for the helicity combination (T, j~) contribute a factor 1/22, therefore
the complete diagram behaves like 1/z and vanishes therefore for z — oo. If internally a
gluon propagator is replaced by a quark propagator, we have to change at least two three-
gluon vertices into quark-gluon vertices. This improves the estimate by a factor 1/z. If an
external gluon is replaced by a fermion, we have to change at least one three-gluon vertex
into a quark-gluon vertex. This does not modify the large z behaviour.

4.2 Supplementary recursion relation for the large z behaviour

The cases (i*,j7) and (i7,j7) are more subtle. As an example we consider the case
(i*,5%) with the holomorphic shift. The other cases, (i*,jT) with the anti-holomorphic
shift and (i—, j~) with the holomorphic as well as with the anti-holomorphic shift will be
similar.

We are going to prove that in the case (i7,j") and for the holomorphic shift the
function A(z) vanishes as z — oco. We prove this for the case where the spinors u;(—),
@i(+), u;(—) and u;(+) are defined with respect to the reference spinors

lgi+) = l;+), (g +]=({L+] (4.1)

Compared to section B.d we do not require any particular choice for the reference spinors
(¢i + | and |g;+). We can write these last two reference spinors as linear combinations of
two basis spinors, and since we are free to choose the normalisation of the reference spinors

we can write them without loss of generality as

(@i + 1=+ 1+ Xl + |, lgi+) = [li+) + Ajll+), (4.2)
where A\; and A; are complex numbers. A simple calculation shows that we then obtain
with these reference spinors

pi+) = |li+) — \l +), W=+,

21l

m2
; (i + 1. (4.3)

P)+) = |lj+), @+ =+ - JQZ

The spinors u;(—), @;(+), u;j(—) and u;(+) read then

(LY = Mi oy

uj(=) = |lj+) + ﬁlli—% ;i (+) = (o} + | + <qj;]>( = (4.4)
The holomorphic shift is chosen as in eq. (B.17):
wi'(=) = wi(=) = 2ll+), w(+) = w(+),
uy' (=) = (=), @ () = () + 2{l + |- (4.5)

We give a proof by induction in the number of external particles.
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We first show that the three-point functions vanish for z — co. We start with the pure
gluon case. As(g, ,g;+, gi") vanishes identically, whereas Aj (giF, g;-+, gy, ) as a function of

z is given by

Al g ) = eI
i 95 9k [ki] ([jk] + =[ik))

(4.6)

Clearly, this function vanishes for z — oo.

Let us now consider the case, where particle ¢ is a gluon and particle j is a quark.
Then the third particle k is necessarily an anti-quark. For a massive fermion line we have
to consider both helicities for particle k. A short calculation shows that with the choice of

reference spinors as in eq. ([L.1)) we have

As(g)". Q5. Q1) = As(g)", Q). Qp) =
As3(gT, Q. Qf) = A3, Q. Q) = 0. (4.7)

These amplitudes certainly vanish for z — oo. On the other it can be shown that the
amplitudes A3(Q}T ,g] *,Q; ) and A3(QT ,gj + Q) do not vanish for z — oo. If the quark
is massive, the same holds for the amplitudes A3(Q}" ,gj ,QZ) and A3(Qi* ,gj +QrT).
This places the constraint that if particle ¢ is a quark or an anti-quark, particle j is a gluon
and the two are adjacent, then the helicity combination (i*,j*) cannot be calculated with
the holomorphic shift.

There are a few 4- and 5-point amplitudes, which we treat separately:

A4(g@'+’g;r’Q>Q)a A4( i agj aQ g) A5(Q;r’g;r,Q>Ql’Q,)a A4( ZF’Q;+’Q>Q,)' (48)

Here Q and Q' stands either for a quark or an anti-quark and no particular cyclic order is
implied. The amplitudes in eq. ([£.§) are the only four- or higher-point amplitudes, where
we cannot choose in addition to the marked particles ¢ and j two additional particles & and
I such that in the set

(i, k, 1} (4.9)

no fermion line connects two of the three external particles. These cases are discussed in
appendix [B and give rise to the following constraints: The holomorphic shift cannot be
used for the combination (QJr 1). For the combination (Q;, Q") the holomorphic shift
can only be used if m; = 0.

We now proceed by induction in the number of external particles. We can assume that
there are two additional particles k& and I. Since we excluded the special cases in eq. ([.§),
we can also assume that in the set {i, k, [} no two particles belong to the same fermion line.
We first discuss the case, where we can choose the two additional particles with identical
helicities. These are the sub-cases

(Tt k7, 07), and (T4t kT, 0T). (4.10)

In these cases we first consider a supplementary recursion relation, which will provide us
with an expression of the amplitude from which we can deduce the large z behaviour. This
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leaves the sub-case, where we cannot choose two additional particles with equal helicity
assignments. In this case k£ and [ have opposite helicities and after a possible relabelling
k < | we can assume that the helicity assignment is (i*,5",k~,I7). We discuss this
sub-case separately.

We first consider the case (i*,j1,k~,17). As above we fix as reference spinors |¢;+) =
|l;+) and (¢; + | = (I; + |, while (g; + | and |gj+) are arbitrary. For particles k and [ we
choose as reference spinors

lar+) = lat) = lli+), (o +|={a+ =+ (4.11)

This choice defines p?c and plb. We now consider the shift

uj(—) = ui(=) — 2|l+) — yBelpi+) — yBilpi+),
wi(+) = uj(+) + 2(li + |,
iy (+) = a(+) + yBe(li + |,
wy(+) = w(+) +yBills + 1, (4.12)
where [ and [; are chosen as
b )
Pl Prls
b= 2l g D) (413)
(piP}) (pp7)
The coefficients are chosen such that
Belpi+) + Bilp)+) = |1+). (4.14)

The function A(y) vanishes at infinity, as each individual diagram vanishes at infinity. The
argument is similar to the one we gave above for the helicity combination (i1, 7): In any
diagram the y-dependence flows through a three-legged path with end-point ¢, k and I.
Suppose first that all three particles are gluons. The most dangerous diagrams are the
ones, where we have only three-gluon-vertices along the path. Then the combination of
propagators and vertices gives a factor y in the large y-behaviour, while the polarisation
vectors contribute a factor 1/42. In total this diagram goes like 1/y? in the large y limit
and therefore vanishes as y goes to infinity. If we replace internally a gluon propagator by
a quark propagator, we have to change at least two three-gluon vertices into quark-gluon
vertices. This improves the estimate by a factor 1/y. If an external gluon is replaced by
a fermion, we have to change at least one three-gluon vertex into a quark-gluon vertex.
This does not modify the large y behaviour. Note that we have excluded the case, where
a fermion line connects two of the three particles ¢, k and .
From the fact that A(y) vanishes for y — oo we obtain the recursion relation
Aw=0,2) = 3 Apar 5 N e An(yar 5 —N) (4.15)
Yy ) = L\Ya; %, Pa(Z)Q—mgé R\Ya> %, )
where we dropped arguments not relevant to the discussion here. We will use this formula
to estimate the z-behaviour at infinity. Suppose that ¢ and j are on opposite sides of the
propagator. Then

Po(2)* = P? — 2(l; + |Palli+) (4.16)
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and y, depends linearly on z. If both k£ and [ are on the same side as particle j we have

P2 _ 2 lz . L: P2 o 2
jo= ——a—Ma—cllitlWallit) __Ta—ma (4.17)
Brli + | Ralpp+) + Billi + |Palpy+) i+ [Pallj+)

A similar formula holds if only one of the particles k£ or [ is on the same side as particle j.

The z-dependence flows through a four-legged path and one can show by a diagrammatic
analysis that each diagram vanishes for z — oco. We first observe that the product of the
scalar propagator, on which the amplitude is factorised, times the two polarisation vectors
attached to it, behaves like an internal propagator in the large z limit. Let us again start
from the pure gluon case and assume the worst-case scenario of only three-gluon vertices.
The product of propagators and vertices gives a factor z, the three polarisation vectors for
particles 4, k and [ contribute a factor 1/z3, the polarisation vector for particle j a factor
z. In total the amplitude behaves like 1/z and vanishes in the large z limit. Replacing an
internal gluon propagator by a quark propagator improves the estimate by a factor 1/z.
Replacing an external gluon by a quark does not change the large z-behaviour, as long as
we do not have a fermion line connecting two of the four external particles ¢, j, k and [.
As above, the cases where a fermion line connects two of the three particles i, k and [ are
excluded. In addition we have excluded from the very beginning the case where a fermion
line connects ¢ and j. Therefore the only possibilities, where a fermion line connects two
particles are the ones where a fermion line connects particle j either with particle k or .
In this case the total contribution from this fermion line behaves like z for z — oo, while
the rest of the diagram gives at least a factor 1/22.

Suppose now that particles ¢ and j are on the same side of the propagator, say they are
both in Ay. Then y, is independent of z. The reference spinors for particle i are given by
|l;+) and an arbitrary (¢;+|. For particle j the reference spinors are |¢;+) and (l;+|. Since
Ay has fewer legs than A we can use the induction hypothesis and therefore A;, vanishes
as z goes to infinity. This completes the proof for the case (it, 7, k=, 17).

We now consider the case (i1, T, kT,1T). As reference spinors for particles k and [ we
take as above

g +) = lat) = [li+), (e +1=(a+]= G+ (4.18)

We consider the shift

uj(=) = ui(=) = 2l+) + ylpo]llL+),

ay(+) = ai(+) + 2(l + |,

up (=) = up(=) + ylpjLilll+),

up(=) = (=) + yllipp]|+)- (4.19)

Momentum conservation is satisfied due to the Schouten identity. The shift in y is chosen
such that each individual diagram vanishes for y — oco. Again we can show with the same
steps as in the (i1, 7, k™,17) case that A(z) vanishes for z — oco.

Finally, we discuss the case (i7,j",k~,IT). Assume first that particles i and j are
massless particles. Then the amplitude is independent of the choice of the reference spinors
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for particles i and j. As reference spinors for particles & and [ we take again
lge+) = lait) = |li+), (@ + =@+ |= @+ (4.20)
We consider the shift

=) = 2|lj+) — ylpit),

ui(—) = ui(

i (+) = w5(+) + 2( + | — ylp] + 1,

g, (+) = ap(+) +ylli + 1,

u(—) = w(=) + yllj+). (4.21)

We can show with the same steps as in the (i*,j%,k7,17) case that A(z) vanishes for
z — oo. Note that for particle ¢ and j the shift in y is not proportional to the reference
spinors of these particles. Therefore the shift in eq. (.21 is restricted to massless particles.
This leaves the cases, where particle ¢ or particle j or both are massive particles. In
accordance with eq. ([L.9) particles k and [ are chosen such that in the set {i,k,{} no
fermion line connects two of the three external particles. There are only very few cases
where k£ and [ must be chosen such that they have opposite helicities. These are the cases

A4(g;_7Q;_7Qi7g:F)a A5(qz+7Q;’+7q_7Qli7g:F)7 Aﬁ(qzﬂ—7Q;+7q_7Qli7Q”:F7Q”:F)' (422)

Here qf denotes a massless quark, since the combination (QZF, Q;*) where Q;F is a massive
quark is already excluded. All cases are discussed explicitly in appendix B. It will turn
out that these cases do not lead to additional restriction on the validity of the recursion

relation.

4.3 Amplitudes involving only massive quarks or anti-quarks

The holomorphic and anti-holomorphic two-particle shifts in eq. (B.17) and eq. (B.29) allow
us to calculate recursively all amplitudes except the ones, which consist solely of massive
quarks or anti-quarks. Among those, the four-parton amplitudes 44(Q, Q,Q’, Q') are given
by just one Feynman diagram and therefore are most efficiently calculated by a Feynman
diagram calculation. Also the six-quark amplitudes are relatively simple.

We consider now the ones with more than six particles. We select two particles ¢ and
j, not belonging to the same fermion line. As reference spinors for particle ¢ we choose

lgt+) = 1l;+), {@+]={+], (4.23)
while for particle j we choose

lgi+) = llit), (g +1={i+]. (4.24)
For all other particles we choose as reference spinors

get) = [li+), (ax+[= G+ (4.25)

The helicity combination (i*,77) can be calculated with the holomorphic shift eq. (B.17),
while the combination (i, j7) can be calculated with the anti-holomorphic shift eq. (B.2§).
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This leaves the combinations (i*,j") and (i7,j). We consider first the combination
(i*,5%). As we are considering amplitudes with at least eight external particles, we can
always find two particles k and [, such that in the set {i,k,[} no fermion line connects
two of the three particles and that in addition the particles k and [ have the same helicity
assignment. For the helicity combination (i*,j%,k7,17) we can use the shift

ui(—) — 2Bxlpp+) — 2B1Pi+),
uy,(+) = agp(+) + 268l + |,

g
SO~
—~
L

I

ay(+) = w(+) + 26l + |, (4.26)

with
_ ), ) Lo
g (pops)’ & Pph) (20)

This is just the three-particle shift we used to establish the supplementary recursion relation
in section f.3. For the helicity combination (i, j+,k%,IT) we can use the shift

uj(=) = ui(—) + z[ppp])|l;+),
up(=) = we(=) + 2[p}li]|L;+),
up(=) = w(=) + z[lip}l|l;+). (4.28)

Similar considerations apply to the helicity combination (i~,j7).

5. Applications

In this section we present a few examples and applications. We discuss helicity amplitudes
with a pair of massive quarks, zero or one negative helicity gluons and an arbitrary number
of positive helicity gluons. Helicity amplitudes with a pair of massive quarks plus three
gluons can be found in [5d).

5.1 Amplitudes with positive helicity gluons

In this section we consider amplitudes with one massive quark pair and an arbitrary number
of positive helicity gluons. These amplitudes are the building blocks for the construction of
amplitudes with negative gluons using on-shell recursion relations. While the amplitudes
for a pair of massive scalars or quarks and an arbitrary number of positive helicity gluons
are known in closed form [[[1], i, 23, [, they serve as a first example to demonstrate
the application of the shifts of momenta of massive quarks. Previous calculations of such
amplitudes considered the shift of two gluons.

If the same spin axis is chosen for the two quarks, there are three non-vanishing am-
plitudes [fJ]: the helicity conserving amplitudes An(Qli, gy s, QF), and a helicity flip
amplitude A,(Q7,95,...,Q,;). The amplitude A,(Q7,g5,-..,Q;) is related by charge
conjugation to the amplitude A, ( f, g;, ...,Q;). As discussed in section [ both the helic-
ity conserving and the helicity flip amplitudes can be computed applying the holomorphic
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shift (B.17) with (i,) = (2,1). This implies that ps is chosen as reference momentum for
Q1 and Q,, but using the transformation (R.17) it is straightforward to obtain the results
for an arbitrary polarisation. The recursion relation consists of a single term

4 ~— + —+ = _ 2 _ +
An(Ql 7937 ey Qn) - An—l(Qll 7953 7917 LI 7Qn )1732"43(9(_23) 7gé 79;)7 (51)
with po 3 = pa + p3, since the degree zero amplitudes with more than three gluons vanish
on-shell.
The amplitudes with a massive quark pair with the same spin quantisation axis are
related through super-symmetric Ward identities to amplitudes of massive scalars [i2]:

—~

b
pnq I—

: >An( Toog s 00), (5.2)
P14

PP

o~~~

An(QT,95,...,Qp) = An(of, 95 - bn). (5.3)

The scalar amplitudes satisfy therefore the recursion relation

T o SO -
An( Ir’g;,-.ngbn):An*l(gb/l agé3 ?gzr?""gbn)@A:i(gE—Zfﬂ) ’gé ,ggr). (54)

)

The light-like momenta p? and pEL associated to p; and p,, are given by

m2 2

Py =p— 2ol Py =Pn— 2;;”1?2- (5.5)
The spinors are shifted as
24) = [24) — zlpi+), W(+) = w(+) + 22+, (5.6)
where
.= p%,?, _ (32) (5.7)

2+ pslpi+) (3P

Expressions containing the intermediate shifted momentum p'273 can be simplified similar
to the massless case [{]

b
/b b P23 [P1+) P2,3p1 2—) /b b P23 2—)

) = )y = 4 = : , +) = +y == (5.8
|P2,3 ) |P2,3 ) <p'§73p§> (p%,g—\}ﬁ1\2—> |p2,3 ) |p2,3 ) [p%,32] (5.8)

A particular compact form of the scalar amplitudes has been obtained in [B]

2+ 1TT755 (yy — Bipri-) [(n —1)—)
y172y173 ‘e yl,n—2<23> <34> .o ((n - 2)(n - 1)> ’

An(bf. 93, ) =272 Yim? (5.9)

where

J
D1,j = ij7 Y15 = p%,j —m?. (5.10)
1
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It is an instructive exercise to verify that eq. (5.9) is a solution of eq. (5.4):

An(of, 055, 0n) =An—1(¢’1+,g§3+7gi7---@;)mg (9(_23) 9% +93) (5.11)
_ on/2-1;3, 2 (P s+ i Wy —pipri) [(n—1)-) 1 (323

Y13 Y1n—2(ph 34)(45) ... ((n — 2)(n — 1)) (23)[32] [—p} 33][2(—pb 3)]
g1y 0 2+ P2 [T7=F W1y — Bivr—1) [(n — 1)) [32)?
B Y13 Y1,n-2(23)(2 + [P2,3[4+)(45) ... ((n — 2)(n — D))(2 + [p1p2,3|3—)

_gnaey 22 ! 1,25 (1 = ¥ipri1) [(n = 1)—)
Yi,2-- .y17n_2<23> Aln=2)(n—-1)) °
In the last step we have used the identity [[[3]
(2+| p1p2,3s = 2+ (y1,3 — P3p1,2) (5.12)

to extend the product in the numerator down to j = 3. This example shows that the shift

of a massive quark leads to a computation similar to one for massless particles.

5.2 Amplitudes with one negative helicity gluon adjacent to a massive quark

In this section we consider amplitudes

(Ql 792 793 AR 792—17(22”) (513)

with a pair of massive quarks, a gluon with negative helicity adjacent to a quark and an
arbitrary number of positive helicity gluons. As reference spinors for the massive quarks
we choose

lg1+) = [gnt) = 124), (@ +]=(gm+]=2+] (5.14)

The light-like momenta p? and pﬁb associated to p; and p,, are given by

m” P2, P =Dp m”
2 = -
2p1p2 nooan

pi=p1— Pa. (5.15)

2p2pn

For the recursion relation we consider the holomorphic shift (B.16) with (i,5) = (1,2). The
spinors are shifted as

ur(=) — ur (=) — 2[24), 24| = 2+ |+ 20, +|. (5.16)

The recursion relation reads

(Ql ’92 ’93 g agﬁrfl?Qﬁn) (517)
:ZA ) (QIAI r+ + + Q)\R)LA(/ - 1= 4+ +)
n—j+2 1 792] 7g]+17"'7gn717 n p2 ¥ 97(2,]') 7g2 7g37"'7gj
i 2,J
where in the j’th term
2
s

=2 (5.18)

(D} + [p2,512+)
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The only ingredients entering the recursion relation (f.17) are the gluonic MHV amplitudes
and the quark amplitudes with positive helicity gluons (5.9). The unknown functions do
not enter themselves on the right hand side, in contrast to the relations obtained from
shifts of gluon momenta [L1]. In writing (f.17) we have used that the degree zero gluon
amplitudes with more than three external legs vanish on-shell and that the three point
degree zero vertex vanishes if an anti-holomorphic spinor is shifted.

From super-symmetric Ward identities we obtain [

(Q17927"'7gj_7"'76_2;t):07 (519)
— b- —_
A( T;g;,n.,g;,.n,c9;>::<p:?fAn< F0d gy ), (5.20)
(p1J)
A(OT . aF - A+ __<pgj>A -+ - At 21
(Q17927"'7gj7"'7Qn)_ (pb]> n(¢17927"'7gj7"'7¢n)' (5 )

Therefore the amplitude for the quark helicities (Q7, @;}) vanishes. This follows also from
the recursion relation (5.17). In this case the right-hand-side of eq. (B.17) equals zero,
since the quark-gluon amplitude with only positive helicity labels vanishes.

Furthermore, eq. (5-20) and eq. (5.21]) can be used to relate the helicity combinations
(QF,Q;) and (Q,Q;). Tt follows that only the helicity combinations (QF,Q;;) need to
be considered.

Inserting the explicit expressions for the sub-amplitudes into (5.17) we obtain for the

helicity conserving amplitude

_ ~\ on <"2> 1
An( f’g2’9§r""’9:{71aQn) 2271 < >(23> ((n—2)(n—1)>x

(2 — |151152,J|2+> ' ‘ m <2 — |752,j|‘1>j+1,n—>(j(j +1))
p%7j< |151¢2,j|]‘|‘> <6]’n1 T Ojn-1 y17j<2 — |751752,j|(]' +1)+) > (5.22)

where 0;4,—1 =1 —0j,—1 and we used a short-hand notation for the frequently occurring

n—1

Il
w

J

quantity
n—2
L b gy
i) = [T (1 22 ) 1= ). (529

Intermediate expressions containing spinors of the shifted momentum p), ; have been sim-
plified according to

P2,iP1 |2+) P25 [2+) ‘
Py + hr1[2+) (p5,;2)

Multiplying the result (F23) by a factor (p}2)/(p’2) results in a new representation of
the corresponding amplitude with a pair of massive scalars. Compared to a previous

b b b
|p2,g +) = p3;+) = |P/2,j =) =Ip3;—) = (5.24)

computation of this amplitude in eq. (39) of [[L1], our result has a similar structure but
is simpler since we used the more compact expression (5.9) as input. Furthermore we
obtained the result directly from known quantities whereas in a calculation using only
shifts of gluons [[[]] a much more complicated procedure of iterated shifts is necessary.
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The helicity flip amplitude is obtained with only small modifications:

- -\ n/271.<PIiPI;1> 1
An(Q17927g;7"'7g:—17Qn) =2 ¢ m (23>...<(TL—2)(’I’L—1)> X (5-25)

— (2 |prpal2+)? > (2p},)
Z:; P3.;(2 = [P1a,515+) (1 [T 2,514 Ip%+>>
( m*(2 = [p2,j|Pj11.0—) (0 + 1)>>
Y1,5(2 — [P35 + 1)+) '

j,n— 1+5]7én 1

6. Summary and conclusions

In this paper we considered on-shell recursion relations for Born QCD amplitudes. We
put particular emphasis on amplitudes with several pairs of quarks and massive quarks
and gave a detailed description on how to shift the external particles in spinor space. For
massive quarks this implies a particular choice of reference spinors, which define the spin
quantisation axis. We found that all Born QCD amplitudes, which have at least some
external particles which are not massive quarks, can be computed by on-shell recursion
relations using two-particle shifts. Amplitudes with only massive quarks can be computed
recursively from three-particle shift. We gave a detailed proof of the validity of the recursion
relation. As an application we considered helicity amplitudes including a pair of massive
quarks, zero or one negative helicity gluons and an arbitrary number of positive helicity
gluons.
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A. Spinors
We define the light-cone coordinates as

P+ =po+p3, P—=po—Dp3, PL=Dp1+ip2, pi=p1—ipa. (A1)

In terms of the light-cone components of a light-like four-vector, the corresponding massless
spinors (p £ | and |[pt) can be chosen as

e s [ —p,. e s (py
lp+) = o) =——= :
Vip+l \ P+ Vbl \ PL

eﬂ% eﬂ%
(p+| = (=pL,p4), (== —F=(P4.,p1-), (A.2)
VIp+] VIp+]
where the phase ¢ is given by
Py = Ipyl e (A.3)
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If py is real and py > 0 we have the following relations between a spinor corresponding to

a vector p and a spinor corresponding to a vector (—p):

[(—=p) £) = i|p£),
((=p) £ = i (p£]. (A4)

Therefore the spinors of massive quarks and anti-quarks are related by u(—k, £) = iv(k, £)
and u(—k,+) = iv(k,+). The polarisation vectors of the gluons are unchanged under the
reversal of the momentum. Spinor products are denoted as

(pg) = (p — lg+) = pqa, [ap) = (g + p—) = 0™ (A.5)
B. Exceptional cases

For the exceptional cases we consider as an example the helicity configuration (i1, j ) with
the holomorphic shift. Similar considerations apply to the anti-holomorphic shift and to
the configuration (:~, j7) with both types of shifts. The exceptional cases have two origins:
First, for the helicity configuration (i*, j) with the holomorphic shift we have to consider
the cases where we cannot choose to additional particles k and [, such that in the set

{i, R 1} (B.1)

no fermion line connects two of the three external particles. These are the cases listed
in eq. ({.§). Secondly, we have to consider the cases, where particle i or particle j is a
massive quark or anti-quark and one cannot choose two additional particles k£ and [ with
equal helicities. These are the cases listed in eq. ([.29).

The exceptional cases are all limited to amplitudes with no more than six external
particles, We discuss these amplitudes case by case. We start with the cases related to
eq. ([.§) and discuss at the end the cases of eq. ({.29).

a) The case A4(Q, g;r, g;»r, Q): We consider the relevant helicity amplitudes for massive
quarks. We have for the unshifted amplitudes

m{qiqs) [23] m?
<Q1pli><pZQ4> (23) 2p1p2’
o; {01 = Ipaaa—) 23] m?
) had (23) 2p1pz
S 4 oAy o la T+ prlaat) 23] m
AdQn, 45,45, 90) = = [10})(Plqa) (23) 2p1p2’
(@1 + [p1palaa—) [23] m
[@p}][Phaa]  (23) 2012

The massless case is included as the special case m = 0, in which all four helicity

(Q1 792 » 93 7Q4) =

(Q1 792 » 93 7Q4) =

AdQ7,95,95,Qy) = 2 (B.2)

amplitudes vanish. For the holomorphic shift we have the substitution

124+) — |24) — 2[3+),
B+ — B+ |+2(2+] (B.3)
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One observes that all non-vanishing helicity amplitudes fall off as 1/z for large z due
to the factor 1/(2p1p2). This case does not lead to any restrictions.

b) The case A4(Q;, g;»r, g,Q): This case is already excluded, as i and j are adjacent.
c) The case A4(QZ ,g 9; +.Q): Apart from the helicity amplitudes A4(Q1 ,g2 , 03 ,Q4)

and A4(Q7, g5, s §,Q;), which were already given in eq. (B.J), we need the following
two amplitudes:

A ( 1:92,93 ,Q4) = m(q1q4> <2 _ ‘¢4‘3_> ((Q12>(2q4> _ <2 - ‘1‘4’3—>> ’

<Q1p?><PZQ4> 2p1p2 (23)(q1qa) 523
2 (2 = [pa]3—)
(P [Pyas] 2012
(2 —[Pal3=) (a1 — [Palaa—)  (012)(2 — |palqa—)
X ( 5o — 23) ) .(B.4)

A4(Qf,9;,9;,@2) =

For the holomorphic shift we have |g1+) = |3+) and the substitution

Pi+) — [pi+) — 2]3+),
B+ — B3+]|+20) +] (B.5)

We observe that all helicity amplitudes go to a constant for z — co. Therefore these
helicity amplitudes cannot be computed with the holomorphic shift. As the proof
for the recursion relation for the helicity combination (i*,jT) is based on induction,
we have to exclude for the holomorphic shift all combinations, where particle 7 is a
quark or an anti-quark and particle j is a gluon.

d) Five-parton amplitudes: The five-parton amplitudes of eq. ({.§) are the following:

— The cases 45(Q;,Q, g5, Q. Q') and 4A5(Q, Q7 , g7, Q' Q");

— The cases A5,31(QT,Q,9J+;Q’,Q') and As 4(Q, Qf . 9; +.0Q',Q"): These are par-
tial amplitudes, where the particles (Q, @, g) form one colour cluster, while the

particles (Q’, Q) form a second colour cluster.

— The cases A54(Q;,Q;9;,Q, Q") and A5 4(Q,Q;9/,Q',Q'): These are par-
tial amplitudes, where the particles (Q’,Q’, g) form one colour cluster and the

particles (Q, Q) form a second colour cluster.

In view of the conclusions from case c¢) above, all these cases are already excluded,

as particle ¢ is either a quark or an anti-quark, while particle j is a gluon.

e) The cases A4(Q,Q;F,Q;»+,Q') and A4(Q,Qj,@’,@'j+): We first consider
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A4(Q,Q7, Q;*‘, @’). The relevant unshifted amplitudes are:

A= 0+ A+ O ) — 2
AlQr, @5, @7 @) (q2%) [Py a1 qap}) (P3as) (1 + p2)? (B.5)
% ((q2 — [pap3lgz+)(qa + [Pap1|q1—)
—m3(qs + Palaz+) (@ + |pslgs+)

—m3{qa — |palaa—) (g3 — |P1]q1—) + m3m3{g2q3)[qaaq1]),
Qimg

(q20%) [P 1) (qap?) (Pas) (p1 + p2)?
x((q2 — [papalgs+)(qs — [P1]la1—)
+(q2 — |popalqa+) (a3 — P11 —)

+m2(q2q4) (@1 + |P3]az+) + m3(q2q3) (s — |Palq1—)),
2im2

(q21%) (P q1) [ap) (Pa3) (p1 + p2)?
x({g2 — [Palga—){(gs — [Psp1]lq1 +)
—(q2 — |p2p3laz+){qs + [Palar+)

—m3(q2q3) (a1 + |[Prlar+) + m3{gzq1) (g2 — [Polaa—)),
2im2m3

(q2p%) (P} q1) (qap}) (Pya3) (1 + p2)?
X (—(q2q4) (g3 — |pspr|a1+) — (qaq1){q2 — |P2p3]q3+)
—(q293)(qs — [Pab1lar+) — (a391){(q2 — [P2palaa+)) ,

A(Qr,Q3,Q5,Q) ) =

A4(Q1’—a Q;—? 7é+a Qili) =

A4(Q1’—7Q;—7 _g+7 ﬁl+) =

For the holomorphic shift we have |ga+) = |l3+) and (g3+| = (l2+]|. As a consequence
(P + | = (I + | and |p3+) = |l3+). (B.7)
We shift

py+) — [ph+) — 2|ls+),
W+ — O3+ |+ 2(ls +|. (B.8)

We can summarise the conditions under which the individual helicity amplitudes vanish

for 2 — oo as follows:

A4

Ay(Q
Asl(Q

(Q1,Q3, 4 ) me =0, or (g1 + | = ({l2 +|.

(Ql , Q7 W) ma =0, ormz=0, or (g1 +|=(l2+]|, or|g+)=]l3+).
( QQ ) ) mg = 0.

(Qf,0Q7F, Q/+) me =0, or msz =0, or |qu+) = |l3+).

We are interested in computing for the combination (i*, ;) all helicity combinations with

respect to the remaining particles. Therefore the common requirement is mo = 0. In other

words, for the combination (qlJr , (jj ) the case where particle 7 is a massive quark has to be

excluded.

,25,



If we now consider the case A4(Q, Q;L, Q' Q’j+), we find in complete analogy again the
requirement mg = 0. Therefore we also exclude the combination (q;L , q;r) where particle ¢

is a massive quark.

f) The case A4(Qj, g,9;,Q): This is an additional case related to eq. ([.22). We are
only interested in the case, where the two additional particles have opposite helicities.
These are the amplitudes A4(Qf,g;,g§',QZ) and A4(Qi",gz_,g§',QI). One easily
shows that both amplitudes vanish as 1/z? for z — oco.

g) The case A4(Qj, gf, g,Q): This is again a case related to eq. (27). We are only
interested in the case, where the two additional particles have opposite helicities.
These are the amplitudes A4(Q7, 95,97 ,Q;) and A4(Q7, 95,95 ,QF). Both ampli-
tudes vanish as 1/z for z — oc.

h) The cases A5(q;", Q;+,q_, Q'*%,97) and Ag(q;, Q;+,q_, Q'*,Q"F,Q"7). These cases
are again related to eq. ([.29). There are several partial amplitudes which we would
have to consider. In this case it is simpler to discuss groups of Feynman diagrams and
show that they vanish in the limit z — co. We group the Feynman diagrams con-
tributing to A5(q;r,Q9+,q_,Q’i,g¢) or Aﬁ(q;L,Q;‘F,q_,Q’i,Q’@,Q’@) into three
sets: Set 1 consists of all diagrams, where the z-dependence flows through only one
propagator. Set 2 consists of all diagrams, where the z-dependence flows through
more than one propagator and which do not contain a three-gluon vertex. Finally,
set 3 consists of all diagrams which contain a three-gluon vertex.

With arguments similar to the ones given in case e) and f) one shows that the contribution
from set 1 vanishes for z — oco. To see this, note that the five and six-point diagrams in set
1 can be obtained from the four-quark amplitudes discussed previously by setting mo = 0
and replacing one of the external spinors by an off-shell quark current.

The contribution from set 2 vanishes for z — oo since there are at least two z-dependent
propagators and no z-dependent vertices. Finally, a short calculation reveals that also the
contribution from set 3 vanishes for z — oc.
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